MCKAY CORRESPONDENCE AND HILBERT SCHEMES IN 

DIMENSION THREE 



YUKARI ITO AND HIRAKU NAKAJIMA 



Abstract. Let G be a nontrivial finite subgroup of SL„(C). Suppose that 
the quotient singularity C"/G has a crepant resolution tt: X — > C"/G (i.e. 
Kx = Ox)- There is a slightly imprecise conjecture, called the McKay cor- 
respondence, stating that there is a relation between the Grothendieck group 
(or (co)homology group) of X and the representations (or conjugacy classes) 
of G with a "certain compatibility" between the intersection product and the 
tensor product (see e.g. |22[). The purpose of this paper is to give more pre- 
cise formulation of the conjecture when X can be given as a certain variety 
associated with the Hilbert scheme of points in C". We give the proof of this 
new conjecture for an abelian subgroup G of SL3(C). 



1. Introduction 

Let G be a nontrivial finite subgroup of SL„(C) and let X be the scheme 
parametrising 0-dimensional subschemes Z of C" satisfying the following three con- 
ditions: 

(1) the length of Z is equal to = the order of G. 

(2) Z is invariant under the G-action. 

(3) H^{Oz) is the regular representation of G. 

This is a union of components (possibly one component) of fixed points of the G- 
action on the Hilbert scheme of #G-points in C". (See |20| for survey on Hilbert 
schemes of points.) If Z consists of pairwise distinct points, the above conditions 
mean that Z is a single G-orbit. We have a natural morphism (the Hilbert-Chow 
morphism) tt: X ^ C"/G which is a crepant resolution of singularities under cer- 
tain assumption on G as explained later. 

In n = 2 (i.e. simple singularities), it was observed by Ginzburg-Kapranov |^ and 
Ito-Nakamura |lO[ that X is nonsingular, and in fact, is the minimal resolution of 
C^/G (see also jgO, Chapter 4]). The proof is based on the fact that Hilbert schemes 
of points on are nonsingular symplectic manifolds. (See e.g., ||2^, Chapter 1].) 
Since Hilbert schemes are singular in higher dimensions in general, the proof is not 
applied to the 3-dimensional case. Hence we were surprised when Nakamura proved 
that X is nonsingular when G is an abelian subgroup of SL3(C) 12^. He conjectured 
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the same is true for any G C SL3(C), and it is still an open problem. Anyhow, it 
seems reasonable to consider X as a first candidate for crepant resolutions of C"/G. 

Now we explain the McKay correspondence. We first recall the 2-dimensional 
situation. As X is the minimal resolution of 'CP'/G, it is well-known that the 
exceptional set consists of projective lines intersecting transversely. Let us denote 
by Cfc the irreducible component. The intersection matrix Ck ■ Ci is given by the 
negative of the Cartan matrix. On the other hand, McKay considered the 
irreducible representations of G and the decomposition of a tensor product 

Q® Pi = ^akiPk, 

k 

where {pk}^k=Q be the set of isomorphism classes of irreducible representations of 
G and Q is the 2-dimensional representation given by the inclusion G C SL2(C). 
Then he observed that {25ki — aki) is the extended Cartan matrix. The trivial 
representation, denoted by po, corresponds to the extra entry added to the finite 
Cartan matrix, which turns out to be the same as realized by the intersection 
matrix. The correspondences are summarized as follows: 



(a) 


finite subgroup G of 


(nontrivial) irreducible re- 


decompositions of tensor 




SL2(C) 


presentations 


products 


(b) 


simple Lie algebra 
of type ADE 


simple roots 


(extended) Cartan matrix 


(c) 


minimal resolution 
X C^/G 


irreducible components of 
the exceptional set, or a 
basis of H2 {X, Z) 


intersection matrix 



Gonzales-Sprinberg and Verdier |^ realized the correspondence between (a) and 
(c) geometrically as follows. Let us consider the diagram 



X ^ — Z — ^ C", 

where Z C X x C" is the universal subscheme and p and q are the projections to 
the first and second factors. Let us define the tautological bundle TZ by 

(1.1) TZ''=p,Oz. 

Since Z has a G-action, each fiber of TZ has a structure of a G-module. By (3) in the 
definition of X, it is the regular representation. We decompose into irreducibles: 

(1.2) 7^ = 07^fc®pfe. 

k 

Then Gonzales-Sprinberg and Verdier observed that 

(1) {'R.k}k=o gives a basis of the Grothendieck group K{X) of algebraic vector 
bundles over X , 

(2) {ci{TZk)}k^o is the dual basis of {[Gfc]}. 

Based on their results and also calculations by Vafa et al. related to the mirror 
symmetry, Reid conjectured an existence of a similar correspondence between (a) 
and (c), when X is a crepant resolution of C"/G for G C SL„(C). (See for the 
history, earlier results, and concrete examples of the McKay correspondence. We 
do not reproduce them here.) 
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In this paper, we give more precise formulation of the conjecture when the 
crepant resolution is given as X defined above, and verify this new conjecture 
when G is a subgroup of SL2(C), or an abelian subgroup of SL3(C). 

Our new point is to consider the Grothendieck group of bounded complexes 
of algebraic vector bundles with supports contained in 7r~^(0), denoted by K'^{X). 
There are natural elements Sk of K'^{X) which are also indexed by irreducible repre- 
sentations as follows. The multiplication of the coordinate functions {xi, . . . , Xn) on 
C" induces the G-equivariant homomorphism (called tautological homomorphism) 

where Q is the n-dimensional representation given by the inclusion G C SL„(C). 
It gives rise the complex 

(1.3) 

7^ Q(^n J^zu ■ ■ ■ — ^ A""' Q ® ^ A''Q®n^n, 



where dk{r]) — B Arj. This complex decomposes according to (1.2) and consider its 
transpose 



(1.4) : 7^v ^ 4r ^^7^r ^ ■ • • ^ 4l^7^r ^ m 

I 



where the coefficients a^j^^ is determined by 
(1.5) A'Q®Pi = 0a 



(i) 

klPk- 



This is a generalization of the tensor product considered by McKay. 

We will show that {'Ti-kYk=o ^^'^ {^kYk=o form dual bases of K{X) and K'^{X) 
under the above assumption on G. And we conjecture it holds for arbitary G C 
SL3(C). Then from this approach, it becomes clear that the intersection product 



among SkS are related to the decomposition of the tensor product (see Corollary 5.(; 
for more precise statement). Thus, our approach gives a 'natural' explanation 
of the reason why the decomposition of the tensor product is identified with the 
intersection products in dimension 2. As far as we know, known proofs of this 
identification in dimension 2 used case-by-case analysis except those given in 
Appendix] and |l8j. Our proof is more natural and can be generalized to higher 
dimensions. 

The most essential ingredient in the proof of our main theorem is a construction 



of a certain complex (see (4.7)). We conjecture that it gives rise a resolution of 
the diagonal in X x X for any G C SL3(C), and prove it when G is abelian. This 
complex is an analogue of the Koszul complex on C" , and consists of vector bundles 
of forms 



where p\, P2'- X x X ^ X are projections into the first and second factor. It is a 
higher-dimensional generalization of the complex introduced by Kronheimer in his 
joint work with the second author in 2-dimensional case |l^. The above conjecture 
was proved there. 

If X would be compact, a standard argument (cf. |^, Theorem 2.1]) shows that 
the Grothendieck group K[X) of vector bundles on X is generated by i?a, either 
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Fa- However X is not compact, so the argument does not apply to our situation. 
To overcome this difficulty, we modify the complex to 



where TZk and Sk are as above. The original complex and this new complex are 
connected by a homotopy and defines the same element in the Grothcndieck group. 



This will lead us to our main theorem (Theorem 5.4). The usage of both K{X) 
and K'^{X) are quite essential in the argument. 

Let us comment on our assumption on G. As we explained, we need this assump- 
tion to show t he e xactness of the analogue of the Koszul complex, more precisely. 



the condition (4.8). When G is abelian, we can use the torus action so that we 



need to check ([4.8[ ) for very specific ideals. The idea to use the torus action is due 
to Nakamura |2l| who used it to prove the smoothness of X. 

By the way, the correspondence between (b) and (c) was further developed by 
the second author ^ . He constructed irreducible integrable representations of 
the afhne Lie algebra on the homology group of moduli spaces of instantons on X. 
The corresponding result in dimension 3 remains untouched in this paper. 

The paper is organized as follows. In we prepare some results on Hilbert 
schemes of points on C" and the fixed point component X of the Hilbert scheme. 
In we identify X with the moduli space of a certain quiver. In §^ we define the 
complex OTi X y. X, and show that it gives a resolution of the diagonal A under the 
condition (|4j). In §|, we state our main results on McKay correspondence which 



is a correspondence between the representation ring R{G) and the Grothendieck 
group K{X). We also study K'^{X), the Grothendieck group of bounded complexes 
of algebraic vector bundles over X. In we study 2 dimensional case for the argu- 
ment in previous section. In we check the condition holds for abelian subgroups 
G C SL3 (C) and complete the proof for our 3 dimensional McKay correspondence 
for abelian groups. 
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2. Fixed points in Hilbert schemes 

In this section, we prepare some preliminary results on Hilbert schemes of points 
on C" and the variety X defined in the introduction. 

For a positive integer iV, let Hilb^(C") be the Hilbert scheme parametrising 
0-dimensional subschemes of length N (see for survey on Hilbert schemes of 
points). In this paper, we shall confuse subschemes and the corresponding ideal of 
the ring C[a;i, . . . , a;„]. A point in Hilb^(C") is either a zero dimensional subscheme 
Z C C" or an ideal / C C[xi, . . . , a;„]. 

Let G be a finite subgroup of SL„(C). We consider two types of 'quotients' of 
C" divided by G. The first one is the usual set-theoretical quotient C"/G. It is a 
subvariety of the Nth {N = #G) symmetric product ^^(C") = (C")^/6jv by the 
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embedding 

geG 

where a point in the symmetric product is denoted by a formal sum of points, as 
usual. The symmetric product is the Chow scheme of N points in C" parametrising 
effective 0-cycles. Hence C'^/G is the Chow quotient in the sense of It is an 
irreducible component of the fixed point of the induced G-action on S'^(C"). 

Another quotient is the Hilbert quotient which is obtained by replacing the sym- 
metric product by the Hilbert scheme as follows: Consider the induced G-action on 
Hilb^(C"). If Z e Hilb^(C") is a fixed point, then H"{Oz) is a G-module. For 
example, if Z is a single G-orbit consisting of pairwisc distinct N points, H^{Oz) 
is the regular representation of G. As in §0, let X be the variety parametrising 
Z e (Hilb^(C"))<^ such that H°{Oz) is the regular representation of G. The G- 
modulc structure is constant on each connected component of the fixed point set 
(Hilb^(C" Thus AT is a union of components. A priori, it may consists of 
several irreducible components, but X is irreducible in many cases as we will see 
later. 

We have the Hilbert- Chow mor phism TT from Hilb^(C") to 5^(0") defined by 
tt: Hilb^(C") 3 length(Z,)[a;] e 5^(C"). 

Take a point Z in X and consider 7r(Z). Since Z is invariant under G, its support 
consists of a union of G-orbits. However, since constant functions on each orbit 
form the trivial representation contained in H^{Oz), we only have single G-orbit 
by the assumption that H^{Oz) is the regular representation. This implies that 
7r(Z) is of the form 

E[-9^]= E #(G/G.)M, 

geG yeOx 

for some x € C". Here Gx denote the G-orbit through x and Gx is the stabilizer of 
X in G. Hence tt maps X to C"/G. We use the same notation tt for the restriction 
of the map to X for brevity. 

The nonsingular locus {C"/GY°^ of C"/G consists of those orbits Gx with Gx 
trivial. Since the map tt is an isomorphism on 7r~^((C"/G)''°^), tt: X ^ C"/G is a 
resolution of singularities provided X is nonsingular of dimension n and connected. 

Remark 2.1. (1) The terminologies. Chow quotients and Hilbert quotients, were 
introduced by Kapranov JT^ . 

(2) The definition of X given in ^ is slightly different from above. In those 

papers, X is defined as the irreducible components of (Hilb^(C"))'^ containing G- 
orbits of cardinality N. In dimension 2, it is known that the above X is smooth 
and connected, and hence two definitions are same (see |2^, 4.4]). We prove the 
connectedness of X when G is an abelian subgroup of SL3(C) later. Thus the 
definition is also the same in this case. 

3. Representations of a quiver 

In this section, we identify the subvariety X of the Hilbert scheme with the 
moduli space of a certain quiver. This identification shows that X is a special case 
of the variety considered by Kronheimer [ p^ (in dimension 2) and Sardo-Infirri [ p3| 
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(in general). We hope that this section wiU be helpful for the reader to notice 
that the complex constructed in the next section is a natural generalization of the 
complex introduced by Kronheimer-Nakajima jist . 

Let A = C[xi,X2, ■ ■ ■ ,Xn] be the coordinate ring of C". Take / G X, or more 
generally an ideal corresponding to a zero-dimensional subscheme of C" of length 
N. Then A/ 1 is an TV-dimensional vector space. If Z is the corresponding sub- 
scheme, we have A/I — H^iOz)- The multiplications of the coordinate functions 
(xi, X2, . . . , Xn) induce a map B = {Bi,B2, ■ ■ ■ , Bn) ■ A/I — > C" A// by 

Bail mod /) '==' Xaf mod /, (a = 1, 2, ... , n). 

It satisfies 

Hom(A//, A^C" ® A/ 1) 3[B AB] = Y^ Bfj]dxa A dxfj = 0. 

a<fj 

Let us define i: C ^ A/ 1 by i{X) = A mod /. Then i(l) is a cyclic vector with 
respect to Ba's, that is there is no proper subspace S C A/I which contains 
and is invariant under all B^s. 

Conversely if we have an A'^-dimensional vector space R and homomorphisms 
B : R —> C R, i: C ^ R such that [B A B] = 0, and is a cyclic vector with 
respect to -Bq's, we can define an ideal / by 

/ {f{xi, ...,Xn)eA\ f{B,, B,,)t{l) = 0}. 

Then I defines a 0-dimensional subscheme of C" of length N. 

Now suppose / is a point in X, i.e. a) it is invariant under the action of G 
and b) A/ 1 is the regular representations of G. Then the above homomorphisms 
B : A/I Q®A/I, i: C ^ A/I are G-equi variant, where Q is a G-module defined 
by the inclusion G C SL„(C), and C is the trivial G-module. Hence we get 

Proposition 3.1. Let R be the regular representation of G. Then there exists a bi- 
jection between X and the quotient space of the homomorphisms B G Home [R, Q (g) 
R), i € HomciC, R) satisfying 

(3.2) [BAB]=0, 

(3.3) i(l) is a cyclic vector with respect to Ba 's 

by the action o/GLg(i?), the group of G-equivariant automorphisms of R. 

Let us rewrite the above quotient space as a moduli space of representations of 
a certain quiver. Let po, . . . , pr he the isomorphism classes of irreducible represen- 
tations of G, with Po be the trivial representation. Then the regular representation 
R decomposes as 

(3.4) i?^0i?fc^p^, 
where Rk = HomG(/3fe, R). Then we have 

HomG(i?, Q i?) = Hom(i?fc, i?i) ® HomG(pfe, Q Pi) = a-ki Hom(i?fc, i?;), 

where Oki — a[,]^ is given in ( |l.5| ). Similarly we have 

i e HoniG(C, R) = Hom(C, Rq). 



MCKAY CORRESPONDENCE AND HILBERT SCHEMES IN DIMENSION THREE 



7 



The group GL^ (i?) of G-equivariant automorphisms of R can be rewritten as 

GLg{R) =l[GL{Rk). 

k 

Hence X can be described as 
(3.5) e0afc,Hom(i?fc,i?O©Hom(C,i?o) I (U), (U)}/ [] GL(i?fc). 

k 

This description depends only on Uki and dim Rk = dim pk ■ 

The McKay quiver is the quiver whose vertices are irreducible representation 
with Qki arrows (possibly 0) from the vertex k to the vertex I. The above space is 
the framed moduli space of representation of the McKay quiver with the relation 
corresponding to (^.2[). (cf. Q) (See Figure 3.1.) 




Figure 3.1. McKay quiver for G = ( diag(e, e^, e"*) ) (e = exp(27ri/7)) 



When n = 2, the description in Proposition 3.1 is essentially same as Kron- 



heimer's construction of ALE spaces 1 14 . There are minor differences: First his 



space depends on a parameter C. Our space corresponds his space with a special 
choice of ^. Second, we have an extra vector i and take quotient by G1jg{R), 
while Kronheimer had no i and took quotients by GLG(i?) /scalar. However, we 
can always normalize as i = 1 by the action of GL(i?o) — C*. Hence our quo- 
tient is isomorphic to the quotient space of B's by the action of Hfc^i^o GL(i?fc) = 
GLG(i?)/scalar. Hence our description is same as fl^ . 

Kronheimer 's construction was generalized to higher dimensions by Sardo-Infirri 
|23|. Thus our description coincides with his with a particular parameter. 



4. A KOSZUL COMPLEX 



In this section we construct a resolution of the diagonal A 'm X x X following 

m 3.6]. 
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Take Ii, I2 X , and consider the corresponding G-equivariant homomorphisms 
A/Ii Q ^ A/Ii, A/I2 Q <E) A/I2 as in the previous section. Let us denote 
them by B^, . Then consider the foUowing complex of vector spaces: 

(4-1) E,, ^ E, So, 

where 

Ek HomG(A//i, A""'Q ® A/h), 
dkiv) B^ At] -T] A B^ for r/ G Ek- 
The equahty dk-i o dk = foUows from the equation A = (a = 1, 2). 

Lemma 4.2 (cf. | p^ , 3.8,3.9]). (1) When Ii ^ I2, d„ is injective and di is surjec- 
tive. 

(2) When Ii = I2, the kernel of dn is the one- dimensional subspace of scalar 
endomorphisms and the image of di is the codimension-one subspace of trace-free 
endomorphisms. 

Proof. First notice that /\" Q is the trivial G-module by the assumption G C 
SL„(C). Then we have /\"'~^ Q = Q*, and the statements for di can be proved 
dually by the same arguments as those for d„ . So we only give the proof on the 
statements for dn- 

Suppose rj is an element in the kernel of dn- We have 

(4.3) r]B'^ = B^rj- 

This equation implies that the image of 77 is invariant under B^- 

Since 77 is G-equivariant, the G-fixed parts are preserved under 77. Since A/Ii and 
A/I2 are regular representations, the G-fixed parts consist of constant multiples of 
1 mod Ii and 1 mod I2 respectively. Hence, we have 77(1 mod Ii) = A(l mod I2) for 



some constant A. Then (4.3) implies 

T/(a;i' • • • a;^" mod h) = Xx'l^ ■ ■ ■ x^^ mod h 

for any fci, . . . , A:„ G Z>o. If A = 0, then 7/ = 0. If A 7^ 0, then r\ is surjective. 
Since Ajlx and AII2 has the same dimension, this implies I\ = I2 and 7; is a scalar 
endomorphism. □ 

Lemma 4.4 (cf. jl^, 3.10]). (1) When 1 1 — I2, the homology group Kcr dn-i/ Im^dn 
is isomorphic to HoniAili, A/ 12)^ , the G-fixed part 0/ IIom^(/i, A//2). 

(2) When Ii ^ I2, Ker(i„„i/ Im(i„ is isomorphic to IIomyi(/i, ^//2)'^/CS, 
where S is the composition 

S: h'^A^A/h- 

Moreover, in either case, ¥^ci di/ lmd2 is isomorphic to dual space o/Ker(i„„i/ 
Im dn of the complex with Ii , I2 are exchanged- 

Proof- The statement for the duality between the degree n — 1 and degree 1 follows 



exactly as in the proof of Lemma 4.2 



Let $ e HomA(/i,^//2)*^- We take an extension : A ^ A/I2 as a G- 
equivariant homomorphism (not necessarily an A-homomorphism) . Then we define 
B = {Bi, Bn) e RomG{A/h,Q ^ A/h) by 

Mf mod h) ^{x^f) ~ Bl^{f) for a = 1, . . . , 71, / e A. 
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When / G /i, the right hand side vanishes since $ is an ^-homomorphism. Hence 
B is well-defined. 

It is easy to check B g Kerd„_i. Moreover, the ambiguity of the choice of the 
extension \1/ is compensated by the image of dn- Hence we have a homomorphism 

(4.5) HomA(/i,^//2)^ Kerd„_i/Imd„. 

Conversely, if we are given B e Kerd„_i, we define an G-equi variant homomor- 
phism : A ^ A/I2 inductively by 

f 1 mod I2 

{^{xa^f) = Bl^if) + BM mod h) for a = 1, . . . , n, / e A. 

This is well-defined thanks to the assumption dn-iB = 0. Moreover, the restriction 
$ = ^Pj/j is A-linear by the second equation. This argument shows that the map 
( ^ ) is surjective. 



Now suppose $ lies in the kernel of (4^). Then we can take the extension 
A^ A/I2 of $ so that 

fora=l,...,n, /£ A 

Since ^ is G-equivariant, we have '5(1) = A mod I2 for some constant A. Then the 
above equation implies that 5'(/) — Xf mod I2 for any f € A. Hence the restriction 
$ = ^fj/j is AS. If Ii — I2, then S is zero, and hence we have the assertion. □ 

Note that Hom^(/, A/I)'~^ is the Zariski tangent space of X at /. In particular, X 
is nonsingular if and only if Hom^(/, A/ 1)'^ has a constant dimension independent 
of / on each irreducible component. 

Corollary 4.6. Suppose X is nonsingular. Then the bijection given in Proposi- 
tion 3.1 is an isomorphism. Moreover, the variety P consisting of pairs {B,i) G 



HoniG'(_R, Q(E)R) X HomG'(C, R) (R is the regular representation ofG as before) sat- 



isfying both (3.2), (3.3) is nonsingular, and the quotient map P —>■ Pj QAiq{T() = X 



is a GIjg{R) -principal bundle. 



Proof. Consider the complex (4.1) for Ii = I2 and R = A/Ii. Then (i„_i is nothing 
but the differential of the map B [BAB]. 

The assumption of the smoothness of X implies that Homyi(/i, A//i)'^, the 
Zariski tan gent space at/i, has a constant dimension independent of Ii. By 



Lemma 4.2 and Lemma 4.4, the kernel of di also has a constant dimension. Hence 
the variety P is nonsingular. 

The action of GLG(it!) on P is free. For, if 5 G GLG(i?) stabilizes B and i, then 
Ker(f/ — 1) contains i(l) and is invariant under B. Hence the cyclic vector condition 
implies Ker((7 — 1) = _R. 

Moreover, P/ GLg{R) is a geometric invariant theory quotient of P by G if we 
introduce the polarization as in the case of quiver varieties |T9|| . The cyclic vector 
condition is the stability in the geometric invariant theory, and hence the quotient 
map is a GLG'(_R)-principal bundle. 



Now the map given by the Proposition 3.1 is differentiable and respects tangent 



spaces. Hence it is an isomorphism. □ 
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Assume that X is nonsingular of dimension n. Then if we vary Ii in X, A/Ii 
forms a holomorphic vector bundle over X. In fact, it is identified with the associ- 
ated vector bundle PxGLGiR)^- Following we denote it by TZ and call tautolog- 
ical vector bundle. Fibers of TZ have structures of G-modules which are isomorphic 
to the regular representation. The homomorphism B G }ioma{A/I, Q (g) A/I) de- 
fines a G-equivariant holomorphic vector bundle homomorphism TZ ^ Q®TZ. This 
is called tautological endomorphisms in p5[ |. 

Since A/ 1 is the 0-th cohomology of the structure sheaf of subscheme correspond- 
ing to /, we can identify the tautological bundle TZ with p^Oz where Z C X x 
is the universal subscheme and p: Z ^ X is the first projection. Thus we arrive at 



the definition (1.1) 



As explained in the introduction, the decomposition of the regular representation 



into irreducible representations (3.4) induces the decomposition of the tautological 



vector bundle as (|l.2| ). In other words, 

TZk = ilomGipk,P*Oz)- 
For brevity, we identify the vector bundle TZ with the sheaf of germs of its 



sections. Then the complex (4T) induces the following complex of sheaves on 
X X X: 

(4.7) > Fr, • ■ • Fi — ^ — ^ Oa > 0, 

where 

Fk RomaiplTZ, A'^^'^Q ® p*^TZ), 

dkiv) At] -T] AB^ for ?7 e Fk, 

t{i]) = tr(77|A) for 7] e Fq. 

Here Pa is the projection to the ath factor of XxX. Note that Fq — HoniGiPiTZ, P2TZ) 
and hence the trace make sense on the diagonal. 

When n — 2, the Hilbert scheme of points is nonsingular by Fogarty [Q. Hence 
the G-fixed component X is also nonsingular. Thus the assumption of Corollary E!q 



is met. Counting dimensions and using Lemma 4.2, we deduce that Kerdi/ lmd2 ~ 
for Ii ^ 12- This and an additional argument shows that the complex ( fl.Tj ) is 
exact (see [|l^, §3] or below). Moreover, the last assertion in Lemma says that 
Ker di / Im d2 for Ii — I2, which is the tangent space of X at Ii, is isomorphic to 
its dual space. This isomorphism is given by the natural holomorphic symplectic 
form on X. 

We assume n = 3 hereafter, and consider the following condition: 
(4.8) dimHomA(/i,^//2)^ 



3, when Ii = I 2 
1, when 1 1 7^/2. 



When /i, I2 are ideals given by distinct points, the above holds. The condition for 
Ii = I2 is equivalent to saying that X is nonsingular of dimension 3. And note that 
similar condition holds for n = 2 by the above discussion. Those show that the 
above seems reasonable. And we show the above holds when G is abelian in iJ^. 



Theorem 4.9 (cf. ||T^, 3.6]). Under the assumption (^^), the complex (4.7) is ex- 
act. 
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Proof. By the assumption, the complex is exact outside the diagonal A. The ex- 
actness of (4.7) in degree can be shown exactly as in 3.6]. So we omit the 
argument. 

For the proof of the exactness in degrees other than 0, we use the criterion 
of Buchsbaum-Eisenbud (see e.g., I^j, 20.9]). We need to check (a) rankdfe + 
rankdfe_|_i = rankFk, and (b) the determinantal ideal of the differential dk has depth 
at least k. The first condition holds since the complex is exact on a nonempty open 
subset. Since the diagonal has codimension S in X x X, the determinantal ideal 
of the differential dk has depth at least 3. Hence the second condition (in fact, a 
stronger condition) also holds. □ 

The following will not used in the other part of this paper, but illustrates the 



relation between the smoothness and the exactness of the complex (4.7) 



Proposition 4.10. If X is nonsingular, the complex (4.7) is exact on the diagonal 
AcX X X. 

Proof. Fix a point xq € X and consider the complex ( [4.7D at the point (xq ,xq): 
(4.11) 



(i^3), 



Xo,Xo) 



)(xo,xo) , ('i2)(xo.xo) , (''^(xo,: 



(-Fo)(xo,ano)- 



By Lemmas 4.2,4.4 together with the smoothness assumption of X, the homology 



groups of this complex are C(Id) in degree and 3, the tangent space T^^X in 
degree 2, and the cotangent space T*^X in degree 1. We define a trivial vector 
bundle Hi oyer the tangent space T^^X x T^^X where the fiber is the ith homology 

groups of ( 4.11 ). 

Choosing connections on vector bundles in (4.7), we consider the derivative Dd^ 
at xq. Differentiating dk-i o dk — 0, we check that DdkS induce homomorphisms 



between homology groups of ( 4.11 ). Moreover, they are independent of the choice 
of the connections. Let us think the homomorphisms as vector bundles homomor- 
phisms between vector bundles by setting the value at {v^w) € Tx^X x TxgX 
as the derivative Ddk in the direction (u, w). We simply write Ddk for these vector 
bundle homomorphisms. Thus we get 



(4.12) 







Ho 



Dd2 



Hi 



Ddi 



Ho 



Differentiating dk-i o dk = twice, one checks that this forms a complex. 



Calculating the derivative of each dk, we find that (4.12) is a part of Koszul com- 
plex on TxgX X TxgX = C'^ X C^. Namely, if we add the evaluation homomorphism 
Ho Oa to the end of ( 4.12| ) , the co mpl ex is the Koszul complex. Now we check 
the exactness of the original complex (4.7) at (xq, Xo), except possibly in degree 0. 
For this we again use the criterion of Buchsbaum-Eisenbud From the above, 
the ranks of dk are 

rankdi = Tank{di) (^^o ,xo) + 1) rankd2 = Tank{d2){xo,xo) + 2, 
rankds = ra.nk{d3)(^xa,xo} + 1, 

where {dk){xo.xo) is what dk induces on the fibers of Fk over (xo,xo). Combining 
with the above observation on the homology groups of ( 4.11 ), we get rankdfc + 
rankdk+i = rank.F'fc. Moreover, the determinantal ideal of each differential has 
depth 3. These imply the exactness of the complex as in Theorem 4.£. □ 
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5. McKay correspondence for the i^'-xHEORV 

Given a finite group G acting on a variety Y, we denote by Kg{Y) the Grothcn- 
dieck group of G-equi variant coherent Oy -sheaves over Y. When G is the trivial 
group {!}, we simply write K(Y) for K^iy{Y). This is the ordinary iiT-group. 
We denote by [S] the class represented by a G-equivariant sheaf S on Y. But we 
may drop the bracket when there is no ambiguity. If Y is nonsingular, Kg(Y) is 
isomorphic to the Grothendieck group of G-equivariant vector bundles (see e.g., 
|4| Chapter 5]). If /: F ^ y' is a G-equivariant proper morphism, we can de- 
fine a push-forward f.: Kg{Y) ^ KdY') by = where 

is the ith higher direct image sheaf, li f : Y ^ Y' is a G-equivariant mor- 
phism and Y' is smooth, we define the pull-back /* : Kg{Y') ^ Kg{Y) as follows: 
Since Y' is nonsingular, it is enough to define the pull-back for classes represented 
by G-equivariant vector bundles. If is a G-equivariant vector bundle on F', then 
its pull-back f*{E) is also a G-equivariant vector bundle over Y. Hence we define 
f*{[E]) — [f*{E)]. We will never use the pull-back homomorphism from singular 
varieties. 

Let us consider a subvariety 7r^^(0) and K''{X) the Grothendieck group of 
bounded complexes of algebraic vector bundles over X which are exact outside 
7r^^(0). (See [|| for the definition and results used below.) This is isomorphic to 
the Grothendieck group of coherent sheaves on 7r~^(0), where the isomorphism is 
given by taking the alternating sum of the homology of the complex: 

n 

[E,] = K ^ £;„_! ^ ,Ei^Eo]^ ^(-l)"[i7,(S.)]. 

i=0 

The inverse is given by mapping a sheaf S on 7r~^(0) to its finite resolution by 
locally free sheaves over X. When we consider push- forward homomorphisms, we 
represent elements in K'^{X) by sheaves on 7r^^(0). When we consider pull-back 
homomorphisms, we represent elements by complexes. 

There is a natural pairing between K{X) and K'^{X) given by 

(5.1) K{X) X K'={X) 3 {[E], [S]) ^ P,{[E(g>S]) G (point) ^ Z, 

where is a vector bundle on X and S" is a sheaf on 7r^^(0) and P is the obvious 
projection of 7r~^(0) to a point. Note that 

(a) E ^ S is a tensor product of a vector bundle and a sheaf, hence well-defined 
in the Grothendieck group, 

(b) E (E) S has support contained in 7r^^(0), hence P*([i? (8) S]) can be defined. 



Let us consider the complex (L3) in n = 3 



7^ ) Q®7^ ■ /\^Q(E)TZ > /\^Q^TZ = TZ. 

It is a complex thanks to the equation [B /\ B] =0. 
Lemma 5.2. The complex (|1.3|) is exact outside 7r^^(0). 



Proof. Take a coordinate system (xi, X2, x^) on C'^ and write B = {Bi, B2, B^). 
Note that the support of the 0-dimensional subscheme corresponding to i?2, B^, i] 
consists of simultaneous eigenvalues of i?2, -83- Hence at least one of BaS is 
invertible if B2, i^s, i] is outside of 7r~^(0). Say Bi is invertible. Now it is clear 
that is injective and di is surjective. 
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Suppose r/ = (?7i, ?72, ^73) is in the kernel of ^2, that is 

Biri2^B2r]i, -B2?73 = -S3'72, Barji ^ Birjs. 
Setting ^ = B^^rji, we find 

d3£, = {m, B2Bj;^i]i, B^B^;^!]!) = {111,12,^3), 

where we have used [Bi,B2] = [B3,Bi] — 0. This shows that Keid2 — Imds. The 
proof for Kcr di = Im ^2 is same. □ 



We decompose the complex (1.3) according to (1.2) and denote its transpose by 



Sk 



Sk ■ lit 



(2)-pV 
kl 



e 



°'kl 



By Lemma 5.2, Sk defines an element in K'^{X). 

Now we define the homomorphism from the representation ring R{G) of G to 
K{X) as follows. Let us consider the diagram 

X ^ — Z — ^ C", 

where Z d X x C" is the universal subscheme and p and q are the projections to 
the first and second factors. Note that the group G acts on Z and C" so that q is G- 
equivariant. If we let G act on X trivially, p is also G-equi variant. By 5.4.21], the 
representation ring i?(G) is isomorphic to i^G(C") by sending the representation 
p to p (g) Oc" . We consider the composition of the following homomorphisms in 
if-theory: 



(5.3) i?(G) -A i?(G) ^ Xg(C") - 
^ Kg{Z) 

where V is sending V to its dual representation V"^ , and Inv: R{G) 
by Inv(y) = dimy'^'. 

The image of pk under the composition (|]^) is given by 

( (Inv ® id) o o ) (p^ ) = Home (po , (p* o ) (p^ ® ) ) ) 



KciX) - i?(G) §5z KiX) -i^^ KiX), 



TL is given 



= HomG(pfc,p*C'2) = T^fe. 



The following is one of main results in this paper. 



Theorem 5.4. Suppose G is a finite subgroup of SL3(C). Assume the condi- 
tion (4.8) holds. 

(1) The composition (Inv (g) id) op^ og* o V in (5.3), which maps the irreducible 
representation pk to the tautological bundle TZk, gives an isomorphism between R{G) 
andK{X). 

(2) The support of the complex Sk is contained in 7r~"'^(0), and {TZk} (md {Sk} 
are dual bases for K{X) and K'^{X), where K'^(X) is the Grothendieck group of 
bounded complexes of vector bundles with supports contained in 7r^^(0). 

The rest of this section is devoted to the proof of this theorem and to its corol- 
laries. So we assume the condition (4.8) throughout in this section. Hence the 
complex (4.7) is exact by Theorem [4.9|. The assumption (4.8) will be checked for 



an abelian subgroup G C SL3 (C) in §f7|. Our proof below works in the 2-dimensional 
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case with obvious modifications. And the vanishing corresponding to (4.8) is al- 
ready checked. Thus we have (1) and (2) also in 2-diniensional case. 

The statement (1) was conjectured by Reid based on the corresponding 
result in the 2-dimensional case proved by Gonzales-Sprinberg and Verdier . The 
statement (2) seems new even in dimension 2. We conjecture that the assumption 
( ^ ) holds for any finite subgroup G of SL3(C). Note that our statement makes 
sense in any dimension provided X is nonsingular, and we conjecture it holds under 
a reasonable, yet unknown, assumption on G. Remark that in dimension 4, when 
G is the group of order 2 generated by diag(— 1, — 1, — 1, — 1), the statement of 



Theorem 5.4 is false while X is nonsingular. In this example, X is not crepant, and 



the complex is not exact. Thus the smoothness of X and the condition (4.5) are 
not equivalent at least in dimension 4. 

Theor em K.4 | has many interesting applications. First, we prove Kx — Ox ( see 



Theorem 5.13| ). When G is an abelian subgroup, this was proved by Nakamura 
using the description of X as a toric variety. Our proof uses only the above men- 
tioned vanishing of certain homology groups. 

The second application is much more interesting. We consider the intersection 
pairing ( , ) on K'^{X) defined by 



(5.5) 



{S,T) = {OS,T), 



where 9: K'^{X) K{X) is the natural homomorphism. Then, we have the fol- 
lowing relation between the intersection pairing on K'^lX) and the decomposition 
of the tensor product. 



Corollary 5.6. Assume the same assumption as in Theo rem 5j . The intersection 
pairing on K'^{X) and the tensor product decomposition (1.5) are related by 



,(1) 



'■kl ' 



where is the dual of Sk 



^k — 



^fe ^ ^'iT^i ^ ^kiT^i ^ 



and the second equality follows from f\ Q ~ Q* 



This corollary follows from 9S^ 
In dimension 2, the corresponding statement turns out to be 



''kl 



)TZi and the above theorem. 



(1) 

kl ■ 



In we will express Sk in terms of irreducible components Ci . In this way, we re- 
cover the identification of the decomposition of tensor products and the intersection 
pairing explained in the introduction. 

Unfortunately we could not give an explicit expression of 5*^ in the linear combi- 
nation of 5'i's (or equivalently TZ^ in 7^;'s) in general. Thus we could not determine 
the intersection product in terms of G. 

Now we begin the proof of Theorem |]^. First we show 

Theorem 5.7. {7?-fc}^^Q and {Sk}k=Q span K{X) and K'^{X) respectively. 
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Proof. Modifying (4.7), we introduce the following complex depending on a param- 
eter s: 

(5-8) Cs-.F, F, F, Fo, 

where Fk is as in (4.7) and df, is given by 

dl (77) sB^ A'n-T^A for ^ e Fu- 

This is still complex thanks to the equation [B°- AB°-] — Q [a — \, 2). When s = 1, it 
is the original complex, which gives us a resolution of Oa. If s 7^ 0, this is nothing 
but the pull-back of the complex Cs=i by the automorphism ol X x X defined by 

(5.9) {[B\i\[B\i^])^{[B\i\[sB\i^]). 
When s = 0, the complex ( ^.8[ ) decomposes as 

k 

where pi is the projection to the «th factor. 

Let Supp Cs be the subvariety on which the complex Cs is not exact. When 
s = 1, SuppCs is the diagonal. For s 7^ 0, SuppC^ is the pull-back of the diagonal 
by (^). For s = 0, SuppCs=o is contained in 7r~-^(0) x X by Lemma 5^. In 
particular, in each case, the restriction of the first projection p2 '■ Supp Cs — > X is 
proper. We consider Cs as a complex on X x X x C, pulling back vector bundles 
Fk and setting the differential df^ on X x X x {s}. Then we can define the operator 

by 

K{X) 3E^ P23*{pIE Cs) e K{X X C), 

where P23 ■ XxXxC^XxCis the projection to the second and the third factor. 

Let p: X X C ~^ X he the projection. It is known that p* : K{X) K{X x C) 
is an isomorphism IX, 1.6]. Let Os : X — > X x C denote the embedding given by 
as{x) — {x, s). It satisfies a^p* = {p o as)* = id, and hence a* is independent of s. 
If we choose s = 1, we have E — alp23*{plE ® Cs) since Cs=i is the resolution of 
the diagonal. Comparing with the pull-back by oq, we get 

(5.10) E = a*P23*{p*iE ® Cs) - J2(E, Su)nk, 

k 



where ( , ) is the pairing given by (5.1). In particular, this shows that {TZk} 
generates K{X) as Z-modules. 
Similarly, we consider 

Pl3*{P*2S ® Cs) 

for S G K'^{X) = K{'K^^{Q)). Since p2- SuppCs ^ is proper, this defines 
an operator from K{ti~^{Q)) to K{n~^{Q) x C). The pull-back homomorphism is 
independent of s as above, hence 

S = alp^^^iplS ® Cs) = Y,{nk.S)Sk. 

k 

This implies that {5*^} generates K'^{X). □ 

We postpone the proof of the linear independence of TZk until the end of this 

section. 

The following is the first application of Theorem 5.7 
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Theorem 5.11. X is connected. 

Proof. Let {Xa} be the set of connected components oi X. For any locally free sheaf 
E (whose rank may change on components), we assign the rank of its restriction to 
X^. Then we define the augmentation 

e: K{X) 

where 7ro(X) denotes the set of connected components of X. This is surjective. 
However, KiX) is generated by the tautological vector bundles 7?.fc's which have 
constant rank over the whole X = JJ^^. Hence X must be connected. □ 

As we promised above, we prove that the canonical bundle Kx is trivial as an 
application of Theorem 5.7, Another ingredient is the Serre duality. For an element 
S e K'^iX) represented by a complex 



we define its dual S"" £ K%X) by 



(-1)^ 



j^y *do^ j^y *di ^ 



i^i > £/o. 



* En-l 



Then the Serre duality implies that 
(5.12) {E,S) = -{E'' ®Kx,S'') 

Theorem 5.13. The canonical bundle Kx is trivial in Pic(X). 



dot 



Pic(Ar) is the identity, it is 



Proof. Since the composition Pic{X) — > K{X) 
enough to show that Kx = Ox in K{ X). 

Substituting E ^TZq, S = into ( 5.12 ), we have 

(5.14) {TZo,S^) = -{Kx,Sk) 

where we have used TZq = TZq = Ox . Combining with ( 5.1C| ) , we get 

(5.15) Kx^-Y.{no,s^)nk. 



k 



On the other hand, if we replace in the proof of Theorem 5/7, by 

dof. „2 



d['{7]) = Ar]-sr]AB\ 



we get a homotopy between the complex (4.7) and 

k 

By the same argument as above, we obtain 

E = ^Y.(E,s^,)K 



instead of (|5.10D . Applying the duality, we have 

E^ = ^Y.(^,s^,)n,. 



Substituting E = TZq, we have 



7^o = -^(7^o,^fe)7^;. 
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Comparing with ( ^.15 ), we get Kx = TZq — Ox- □ 
Thus we get 

Corollary 5.16. X is a crepant resolution ofC^/G. 

Now we relate the representation ring and the cohomology group. Let ch : K{X) — 
H*{X,Q) be the Chern character homomorphism. As we used K'^{X) besides 
K{X),we need to consider the cohomology group with compact support H*{X, Q) = 
H*{X, X \ 7r~^(0), Q). The isomorphism can be shown by observing the C*-action 
induced by (x, y, z) i-^ {tx, ty, tz) retracts X to a neighborhood of 7r~^(0). We have 
the localized Chern character homomorphism ch^: K'^{X) H*{X,Q) defined by 
Iversen [ p^ . 

Theorem 5.17. (1) The rational cohomology groups H*{X,Q), H*{X,Q) vanish 
in odd degrees. 

(2) {ch(nk)}l^o "-^d. {di'{Sk)}l^o form dual bases ofH*{X,Q), H*{X,Q) with 
respect to the pairing 



{a, (3) = / aU/3Td(X), 
where Td(X) is the Todd class of X . 



X 



Proof. The proof proceed exactly as Theorem 5.7 if we apply either the usual 
Chern character or the localized Chern character. Then we find that {ch(7?.fc)}^^Q 
and {ch''{Sk)}l^Q span H*{X,Q), H*{X,Q) respectively. Thus we have the asser- 
tion (1). Moreover, we know dimH*{X,Q) = r + 1 by previous results on McKa y 
correspondence |ll|. Hence they are bases. Substituting E — TZi into ( 5.10 ), 
applying the Chern character, and using the Riemann-Roch, we get 

ch(7^^) = ^fc) ^MT^fc) = ^(ch(7ez),ch^(5fc)) ch(7^fc). 

k k 

This shows that (ch(7?.;), ch'^(5fc)} — Ski- Thus we have the assertion (2). □ 
In the course of the proof, we proved the linear independence of TZk and the 



equality {TZi, Sk) — 5ki. Thus we have completed the proof of Theorem 5.4 

6. 2-DIMENSIONAL CASE 

In this section, we study TZk and Sk in more detail in the 2-dimensional case. 
Since this case was already studied before |l^ , we only give a sketch. 

The same argument as in the previous section shows that {TZk} and {Sk} form 
dual base of K{X) and K'^{X), where Sk in this case is 

(6.1) Sk-.K^^auTZr ^TZl 

I 

First suppose k ^ Q. Then the cyclic vector condition implies that *{f\B) is 
injective on each fiber. The other homology groups can be determined by using the 
following. 



Proposition 6.2. (1) Let Ck denote the suhvariety where *B in (S.l) is not sur- 
jective. Then Ck is isomorphic to the complex projective line CP^. 

(2) On Ck, the cokernel of^B is isomorphic to Oc^{—i). {Here —1 means the 
dual of the hyperplane bundle on Ck = CP .) 
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(3) The restriction of the tautological bundle TZi to C'k is 

I (OcJ® ^' ifky^l. 

Thus the homology of Sk vanishes in degree 1, 2 and Oc^ (^1) in degree 0. Hence 
Sk = C'cfc(— !)■ The equaUty {TZi,Sk) = Ski foUows directly in this case. 
Next suppose k — 0. Instead of considering 5*0, we study Sq : 

(6.3) So-.Uo^^ aoiTZi ^ 7^o. 

Then B is injective by the cyclic vector condition. 



Proposition 6.4. (1) The homomorphism AB in ( |6.3|) is not surjective exactly on 
the exceptional set 7r~^(0) of the resolution X — > C^/G. 
(2) On the exceptional set, the cokernel of AB is O^^-i^Qy 

Since {TZk,So) — {TZ]i,S^) by the Serre duahty, we could check {TZk,So) — 5ko 
also in this case. 

Using the above, it becomes easy to determine ch^(5fc). First notice that Td{X) = 
1 in this case. Recall also that H^{X,Q) — Qfl where il is the canonical gener- 
ator satisfying Jx^ — 1- Then {TZq, Sk) — Sko implies that the degree 4 part of 
ch'^(S'fc) = Sko^ because ch(7^o) is the canonical generator of H^{X,Q). By Propo- 
sition the degree 2 part of ch^(5fc) for fc 7^ is the Poincare dual of [Ck]- Since 
ch°(5'fc) is a basis of H*{X,<Q), this imphes that C^'s are irreducible components 
of the exceptional set. (This can be directly checked by studying C^'s.) Then the 
equality {TZk,Si) = Ski means that {ci{TZk)}k^o is the dual basis of {[Cfc]}. This 
is the second statement of a result of Gonzales-Sprinberg and Verdier explained in 
the introduction. Finally, considering 

0==(7^fc,S'o) forfc^O 

= (cl(7^fe),ch"(5•o)) +rank7efe, 

we get 

r 

degree 2 part of ch^(5o) = — rank7?.fc P. D.[Cfc], 



fc=i 



where P. D. is the Poincare dual. 
Note also that 



-ch'(5fc) forfc^O, 
X;Lirank7efcP.D.[Cfc] +17 for fc = 0. 



This together with (5^,5";) = (ch'=(5^), ch'=(5;)) = 24; - au determine the inter- 
section pairing. In particular, we have {Sk, Si) = (P. D.[Cfc], P. D.[Ci]) — Oki — 2Ski 
for k,l 0. Thus we have checked the identification of the intersection pairing 
and the decomposition of tensor products without using the classification of simple 
singularities. 

There are possibly many ways to prove Propositions 6.2|,3.4, since we have more 



or less explicit description of X (e.g. ||10|). However, we would like to remark 
that these follows from the theory of the quiver varieties introduced by the second 
author without the knowledge of the explict description. The variety X is an 
example of quiver varieties associated with the extended Dynkin diagram. The 
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second author defined the Hecke correspondence in the product of quiver varieties 
[ibid., 10.4]. The locus Cfc (fc 7^ 0) is an example of Hecke correspondence, where 
the one factor is X and the other factor is the scheme parametrising 0-dimensional 
subschemes Z of such that 

(1) Z is invariant under the G-action, 

(2) H°{Oz) © Pk is the regular representation of G, 



which consists of one point. The assertions in Proposition 6.2 follow from [ibid., 
Lemma 10.10 and its proof]. (We omit details.) Proposition 6.4 is, in fact, much 
easier to prove, and holds also in 3-dimensional case. Since TZq is the trivial rank 
1 bundle over X, AB is not surjective only when AB = 0. If AB = at Z ^ X, 
B is nilpotent as an endomorphism of H'^{Oz) ~ A/I, hence contained in 7r^^(0). 
Conversely ii Z £ 7r~^(0), we have a filtration on H'~'{Oz), under which B is strictly 
upper triangular by the Hilbert criterion as in [^. It implies AB — 0. 

7. TORIC RESOLUTION: THE CASE G C SL3(C) ABELIAN 

In this section, we assume G is an abelian subgroup of SL3(C). It was proved 
by Nakamura [^ that X is a crepant resolution of C^/G under this assumption. 
(There is also an explanation of Nakamura's proof by Reid [|2^.) 

Theorem 7.1 (Nakamura||2l| ) . If G is a finite abelian subgroup o/SL3(C), then 
X is a crepant resolution ofC^/G. 

In this section, we prove the following which is stronger than the smoothness of 

X: 



Theorem 7.2. Under the same assumption as Theorem 7.1, the following holds: 



. , sn 3, when /i — I2, 
(7.3) diinRomA{Ii,A/hf = {; ^ ' 

I 1, when ii ^ i2- 

The rest of this section is devoted to the proof of Theorem Though the 
smoothness of X, i.e. ( |7.3| ) for Ii — I2, is contained in Nakamura's result [^, we 
give its proof for the sake of the reader. Note also that the crepantness of X follows 



from Theorem 5.13 and the result in this section. Our proof for the smoothness is 



almost the same as Nakamura's, and the technique (e.g., the use of the diagram Z, 



Lemma 7.7) is due to him. 

By changing coordinates, we may assume G is diagonal. We consider an action 
of the three dimensional torus on C'^ defined by t ■ {x,y,z) = {tix,t2y,tzz) for 
t = {ti,t2,t^). It induces an action on the Hilbert scheme, commuting with the 
action of G. Thus this action induces the torus action on X. 

In the sequel, the fixed points of the torus action will play the crucial role. These 
correspond to ideals gen erated by monomials. First we wil l cla ssify all these ideals. 



Then we will check ( |7.3[) for all these ideals. This implies ([7.3|) for general /i, I2 as 
explained later. 

(a). Classification of fixed points. The inclusion G C SL3(C) induces an action 
of G on the coordinate ring A = C[a;, y, z\. It decomposes into the sum of irreducible 
representations, which are of the forms Ccc'j/^z" for some I, m, n > 0. If / G 
X, then A/ 1 is the regular representation. Hence each irreducible representation 
appears in A/ 1 with multiplicity one. This implies the following very useful lemma, 
which will be used throughout in this section. 
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Lemma 7.4. Let I £ X. Suppose that x'y^z" and are two different 

monomials which give the isomorphic irreducible representation of G. Then at least 
one of them is contained in I . 

For the study of ideals, we use the following graphical description of monomials 
in A/[xyz): 

xy x'^y 

-1 9 3 

1 X X X 

xz 



y 

9 9 

y z yz 

z 



Here xyz is not drawn since it is always in ideals as it gives an isomorphic repre- 
sentation as 1. 

Proposition 7.5 (cf. ||2^ , 7.2]). The ideal I which is fixed by the torus action is 
written as one of the following: 

(A) {x-+''-\ y'+''-\ z-+f~\ y'zf, zV, xyz) 

(B) {X-+'', z^+f, x'^y^ y'z^, z^x^ xyz) 

where a, b, c, d,e, f > 0. 

Moreover, x°''^'^~^ (resp. x"'^'^) and y^^^ z-^~^ give the isomorphic representation 
in type (A) (resp. (B)). Similar conditions hold if we exchange x, y and z. 

In above description, there are degenerate cases, for example, e = 1 in (A) where 
y^z^ is not a generator. But we could determine a, 6, c, rf, e and / so that the 
conditions of the isomorphic representations above hold (see Lemma [7.7D . We use 
the above description even in degenerate cases as convention. 

The proof of this proposition occupies this subsection. Let / be an ideal which 



is fixed by the torus action and generated by monomials. By Lemma 7.4, each 
irreducible representation of G corresponds to the unique monomial in I'^. 
Let a, /?, 7 be the exponents of the generators of x* , y' , z' respectively. 

Lemma 7.6. Suppose x°'y'^ € /, x'^^^y'^ ^ /, and x°'y'^^^ ^ / for a,e > I, i.e. x°'y'^ 
is a generator of I. Then the unique monomial in I'^ which has the isomorphic 
representation as x°'y'^ is z''^^. 

Proof. Let us consider the monomial Lp in I'^ which gives the isomorphic represen- 
tation of G as a;°j/^. 

If (/? = x'Py'^ with j3 > 1, then xP~^y'^ gives the isomorphic representation as 



x°'^ y'^ . From the assumption x°' y" ^ / and Lemma 7.4, we have x^^ y'^ G /. 
Therefore x'^y'^ € I. This is a contradiction. Exchanging y and z, we can also 
eliminate the case cp = x^z"^ for p > 1. 

Next assume (p = y''z^ with q > I. Then y''^^z^ gives the isomorphic repre- 



sentation as x'^y'^ . Then we have z*" G / by Lemma 7.4. This means that 



y'^z^ € / and contradicts with the definition of (p. Thus we have (p> = z^ . Since 



gives the isomorphic representation as x°'y'^ , we have z'^'^^ € / by Lemma 7.4 



Hence z'^'^^ must be a generator of /, i.e. z"^ = z'' ^ . □ 
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This lemma implies that / has at most one generator of the form x'^y'^ (a, e > 1): 
If x°'y'^ and x° are generators, both x°'~^y'^~'^ and a;" ^^y'^ ~^ give the isomorphic 



representation as the generator z^. This contradicts with Lemma 7.4. 

Although we assume x°'y'^ is a generator in the lemma, we can show the following 
even if there is no generator of that form (i.e. degenerate case). 

Lemma 7.7. The monomial in I'^ which has the isomorphic representation as 
is of the form x°'^^y'^^^ for some a, e > 1. 



This lemma can be proved as Lemma 7.6. So we omit the proof. 



By above lemmas, the ideal is generated by x", y^ , z'' , x°'y'^, y^z^ , z'^x'^ and 
xyz where a, (3, 7, a, 6, c, d, e, / > 0. We draw a diagram by placing hexagons 
at the monomials in I'^. (See figure [7.l| .) Let us call this junior diagram 2- (This 
is called a G-graph in ||2l|.) We may also write the representations corresponding 
to the monomials. In dimension 2, we had a similar correspondence between idelas 
and Young diagrams (cf. p^, Chapter 7]). 



x°-y^ 









1^ . 











Figure 7.1. Junior diagram 



Definition 7.8. Let 1^9 be a monomial in A/{xyz). Let (po be the monomial in 
I'^ which has isomorphic representation of G as ip. (It exists and is unique since 
A/ 1 is the regular representation.) We move the junior diagram 3 by the parallel 
transport which maps ipo to ip, and denote the transported diagram by 3(V')- We 
also call Ziy^) the junior diagram. 

The parallel transport respects representations corresponding to monomials. 
Hence each representation appears at the same position in each junior diagram. 
Each monomials in (p G A/ {xyz) belongs to the unique junior diagram ^(1^5). Thus 
each junior diagram is a kind of 'fundamental domain' of A/ [xyz). 



To complete the proof of Proposition 7.5, we have to show the relation between 



the exponents of the generators. First we will see the following: 
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Lemma 7.9 

(7.10a) 

(7.10b) a>a 
Proof. Step 1. Assume 
(7.11a) 
and 
(7.11b) 



We have one of the following: 
a<a + d~l, l3 <b + e-l, 
d, f3>b + e, 

b + e<P, 
a < a + d — 1. 



l<c+f 
l>c+f. 



Since x°"y'^ has the isomorphic representation as z"*" , x'^y'^ has the isomorphic 



representation as z'^ ^x" °, which is in J = 5(1) by ( [7.11b| ). 

On the other hand, x" has the isomorphic representation as y' 



6-1 ^/-l 



Hence 



x^y"^ has the isomorphic representation as y*"'"^ ^z^ ^, which is in 3(1) by (7.11a) 



^^^^ _ ^b+e-l^f- 

As b,e > 1, ^ x°'~°'z''~^. Therefore there are two monomials in 

5(1) which has the isomorphic respresentations as a;"y^. This contradicts with 
Lemma 7.4. Hence we have either 



(7.12a) 



1>A 



(7.12b) a>a + d. 

Step 2. Suppose b + e — 1 > p. Exchanging x and y in step 1, we have either 

a + d — 1 > a, 



or 



P>b + e. 

By the assumption, the second case docs not occur. Thus we have a + d — I > a. 



Exchanging x and z, we also have c+/ — 1 > 7, and hence (7.10a). Similar argument 
shows that a > a + d implies (7.10b). □ 



Now we complete the proof of Proposition 7.5. First we consider the case ( [7lOa| ) 
and let us show that 

(7.13) a;"/ = 

Since we have /3<6 + e — 1, itis enough to show that the condition 

(7.14) f3<b + e-l 

leads to a contradiction. 

Let us study the monomials near x°'~^y^ . Consider the parallel transport map- 



ping x°' ^y^ to y^ '^^^z^ , which respects representations of G. It maps x°'y^^^ to 



which is in -3(1) by the assumption (7.14). The monomial x°'y^ is also 



y 

mapped to a monomial y^~'^z'^~^ G 5(1)- 



On the other hand, y^ '^^^z'^ is not in 5(1)- Hence x°'y^ and x^y 

„a~l„,/3- 



,a„/3+l 



are not in 

'^{x°-~^y^)- Since x°-~^y^~^ G 5(1), it is not in Z{x°'^^y^) either. In summary, for 
x°'~^y^ , the monomials in the upper right, the right and the lower right are not in 
y{x°'~'^y^). If (fi is the monomial in 5(1), which has the isomorphic representation 
as x°'~^y^ , it also has the same property. Hence must be x"^^. 
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Thus, x°' has the isomorphic representation as x°'y^, and hence as '^z^ ^, 
which is in 3(1) by (7.14). However, x" has the isomorphic representation as 



y 



^ G 3(1), hence we must have — f, (3 - 



6 — 1 by Lemma 7.4. But the 



latter contradicts with the assumption (7.14). 

Therefore the condition (7.13) holds in this case. Exachanging x, y and z, we 
have 

(7.15) a^a + d-1, /3 = 6 + e-l, 7 = c+/-l, 

i.e. the ideal is of type (A). 

Next consider the case ( 7.10b| ) . We will show that 

(7.16) a;"/ = x^^V- 

Since we already have a < a — d, it is enough to show that 

(7.17) a<a~d 



a„/3-l 



Consider the 

a+d ~c— 1 



leads to a contradiction. We study the monomials near x°'y 
parallel transport mapping x°'y^~^ t o x°"'" ^z'^ ^ 3(1)- It maps x°'^^y^ to x'^'z' 
which is in -3(1) by the assumption ( 7.17 ). Thus x°-^^y^ (and hence x°'y^ also) is 
not in 3(a;°?/'^~^). We have x°-y^~^ ^ 3(1) thanks to/3— l>6 + e— l>e, while we 
have x°'~^y^~^ € 3(1)- Hence x°'~^y^~^ is not in Z{x°'y^~^) either. By the same 
argument as above, we conclude that the monomial in 3(1) which has isomorphic 
representation as x°'y^~^ must be y^^^. Therefore x'^^^y^^^ has the isomorphic 
representation as y^ z, and hence clS Z X 

^ e 3(1). Thus both and 



However, as c < 7 by ( 7.10b| ), we have 



c d- 
Z X 



Cry^d- 



Z X 



^ are in 3(1), and 



as c > 1. This is a contradiction. Thus we have ( 7.16 ). Exchanging x, y and z, we 
have 



P = b + e, 7 



/, 



(7.18) a = a + 

i.e. it is of type (B). 

Combining the above two cases, we have only two types (A) and (B) for the 
generator of the ideal / of a fixed point in X. This completes the proof of Propo- 



sition 7.5 



(b). Smoothness. Using the above description, we obtain the smoothness of X: 

Theorem 7.19. X is nonsingular of dimension 3. Moreover, X is irreducible. 

This subsection is devoted to the proof of this theorem. 

Lemma 7.20. At every fixed point I , the dimension of the Zariski tangent space 
is three, i.e. 

dimHomA(/, A//)'^ 3. 



Proof. Let $ be a G-equivariant yl-homomorphism <i>: I 
the exponents of the generators of x*, y*, z* as before. 
Let us consider the image of generators of /: 

$(x") = py''-^^-'^ mod /, ^{x^y") = sz"*'^ mod /, 

$(/) = mod /, ^{y''z^) = tx""^ mod /, 

^{z^) = rx'^^^y"^^ mod /, '^{zfx''') = uy^"^ mod /, 



A/I. Let a, 7 be 



(^{xyz) 



V mod /, 
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where p, q, r, s, t,u,v G C. Here we determine the image so that it has the isomor- 
phic representation of G as the generator. 

First suppose / is of type (A), i.e. a = a + d— 1, (3 = b + e — l,j = c + f— 1. 
Let us consider the image of x^y^ = x"'~^'^~^y^. We have 

$(a;"+''-iy^) = py^+'^-'^z^''^ mod 7 = 

as y^+'^~'^z^~^ G /. On the other hand, we have 

^{x"-+'^-^y^) = ax'^-^z'^+f-^ mod I. 

Since x'^~^ z'^^^^'^ ^ /, wc get s = 0. Exchanging x, y and z, wc obtain t = u = 0. 
Considering the image of x"'y'^z in two ways, we similarly get v = Q. Therefore the 
dimension of the Zariski tangent space at I is three. 

Next suppose / is of type (B) ,i.e.a = a + d,(3 = h + e,^ = c + f. Then we have 

«>(a;"+'^y'=) = py^+''-'^ z^ mod I, 

and t/^+^-i^/-! ^ /. But 

^x'^+'^y") = sx'^z''+f~^ mod 7 = 

as x'^z'^^^~^ € I. Then we have p = 0. After exchanging x, y and z, q = r = 
holds. We also get t; = as in the case (A). Thus the assertion holds in any 
cases. □ 



Lemma 7.21. X is nonsingular at fixed points of the torus action. 

Proof. Let / e X be a fixed point of the torus action. First suppose / is of type 
(A). Let us consider the following defining equation: 

^a+d-l ^ Xlt^zf-\ X'\f' = Xfiz'-'+f-^ 

(7.22) y''+'''^ = ^iz''-'x'^-\ y'^z^ = nvx''+'^-^, xyz = Xfxu, 

This equations determines an ideal in the neighborhood of the fixed point. (A = 
^ = 1/ = is the fixed point.) If X/j.v ^ 0, we have 



#G = A - 2{a + b + c + d + e + f) + ab + ac + ae + be + bf + dc + de + df + ef 

distinct solutions of the above equation. Hence it corresponds to a G-orbit con- 
sisting of distinct #G-points, and has the Zariski tangent space of dimension 3. In 
particular, X is of dimension 3 in the neighbourhood of /. Since the Zariski tangent 
space at / is of dimension 3, it implies that X is nonsingular at /. 

Next suppose / is of the type (B). We consider the defining equations 

x"+'^ = uXy^-'^z^-\ x^y"" = Xz^+f'^ 
(7.23) = A/i0^- yV=Ma;"+''"\ xyz = Xiiv, 

z^+f = jjiux'^-^y''-'' , ^^a;'' = ^ 
This equation has 



#G =l-{a + b + c + d + e + f) + ab + ac + ae + bc + bf + dc + de + df + ef 

distinct solutions if stu ^ 0. The above argument shows that X is nonsingular at 
I in this case. □ 
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Proof of Theorem 7.1{\ We take a generic one-parameter subgroup A: C* — > (C*)'^ 
such that A(i) ^ as f ^ 0. For any / e X, \{t)*I converges to a fixed point 
of the torus action. Thus X is nonsingular at / by Lemma 7.21. Hence X is 
nonsingular everywhere. The argument also shows that each connected component 
of X contains fixed points. However, the fixed points are contained the component 
containing G-orbits of distinct points. Therefore, X must be connected. □ 



Since X is nonsingular and has an action of 3-dimcnsional torus with an open 
dense orbit, we have 

Corollary 7.24. X is a toric variety. 



The coordinate neighbourhoods ( 7. 22 ), ( 7. 23 ) are affine charts around fixed points. 
The fan corresponding to X are described in So we do not reproduce it 

here. 



(c). The case when Ii and I2 are in a common afRne chart. Our remaining 
tas k is t o check (^^) for Ii and I2 are contained in different affine charts of ( [7.22 ) 
or ( 7.23| ). In this subsection, we check it when Ii and I2 are in a common affine 
chart given by ( |7^ ). One can check in the case when both are in a chart given by 
( [7.23] ) in a similar way, so we omit the proof. 



Suppose h is given by ( |7.22| ) and I2 is given also by (|7.22| ) with A, ^, v are 
replaced by A', fi' , v' . {a,b, c, d, e, f are common.) By the assumption Ii 7^/2, 
we have (A, ^, j^) ^ (A', /i', j/'). We may assume A ^ A'. Let $: /i A/I2 be a 
G-equivariant A-homomorphism. We determine images of generators: 

$(a;"+'^-i - Xy''-^zf-^) = py^-'^z^-^ mod h, 



$(2^+-'-^ - vx^-'y"-') = rx^'-'y"-' mod h, 



- X^iz''+f-^) = sz'=+f~^ mod 
^{y^zf - ^ tx''+'^-'^ mod h, 

$(z"x'^ - i'\y^+''-^) = V^""^ mod I2, 
^{xyz — Xfiv) = V mod 12- 



Consider the image of 



(zV - iyXy''+^-^)x''-^ = (a;"+'*-i - Xy''-^ zf-^)z'' + X{z^+^-^ - vx''-^ y''-^)y''-\ 
We have 

ux''-'^y^+''-^ mod I2 = py''-^z'=+f'-^ mod h + Xrx''-^y''+''-^ mod h 
= {ly'p + Xr)x''-^y''+''-'^ mod h. 



Since a;«-iy''+e-2 ^ /^^ -^ye have u = t^'p + Ar. Exchanging x and z, we get u = 
X'r + up. Thus we have r — {v — v')p/ {X — A'). Then exchanging y and z, we get 
s = fi'p + Xq, t = u'q + fir, q = {fi - ^')p/ (A - A'). 
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Next consider the image of 



{xyz — Xfii')x' 



y 

liz 



c+f-l 



We get 



py^+^-^zf mod h + Xqz^+f-^x"^'^ 



mod I2 + Xfirx 



a+d-2ye-l 



= [n'v'p + \v'q + Xiir)x 



a+d-2ye 



^ mod I?. 



Since x'^'^'^ ^y'^ ^ ^ I2, we have v = ji'v'p + Xv'q + 
determined by p. Hence we have dimHomyi(/i, A/ 12 



Xfir. Thus g, r, s, w, u are 
= 1 in this case. 



(d). Reduc tion to the case when /i, I2 are fixed points. Our re main ing task 
is to check (7^) for /i ^ l2- In fact, it is not necessary to check (7^) for all 
/i, I2 thanks to the torus action. As above, we take a one-parameter subgroup 
A: C* ^ T and consider the limit of X{t)*Ii, X{t)*l2 when t ^ 0. We may assume 
both converge to fixed points of the torus action. If X{t)*Ii and X{t)*l2 converge to 
the same point, it means that they are contained in a neighborhood of the diagonal 
for sufficiently small t. This case was treated in the previous subsection. Thus we 
may assume that X{t)*Ii and X{t)*l2 converge to different points if h ^ h- By the 
semicontinuity, we have 

dimHomA(/i,^//2)'^ < dimHomA(liniA(t)*/i,^/lini A(t)*/2))'^. 



Since the left hand side is bounded by 1 from below (see Lemma 4.4), it is enough 
to show the right hand side is 1 . Thus we may assume Ii and I2 are different fixed 
points of the torus action. 

(e). Classification of the pair of fixed points. In the remaining of this paper. 



we assume /i and I2 are different fixed point of the torus action. By Proposition 7.5 
we have four possibilities: 

(AA) h of type (A), h of type (A), 
(BB) h of type (B), h of type (B), 

(AB) h of type (A), h of type (B), 
(BA) /i of type (B), /2 of type (A). 

In order to treat the cases (A) and (B) simultaneously, we write the exponents of 
generators of x* , y*, z' by a, /3, 7 as before. Namely, a = a + d—1 (resp. a + d) in 
case (A) (resp. (B)), etc. We put "prime" on the exponents of the generators for 
the ideal l2- Namely, a', a', etc. In either cases, we have 

(7.25) 

a + d-l<a<a + d, 6 + e- I</3<6 + e, c + /- l<7<c + /, 
a' + d' -l<a' <a' + d', b' + e' - 1 < l3' < b' + e' , c' + /' - 1 < 7' < c' + /' 
by Proposition |7.5| . 

Lemma 7.26. At least one of three generators x" , y^ and z^ of Ii belongs to the 
ideal I2 ■ 
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Proof. We assume x" , z'* ^ I2 and derive a contradiction. From this assumption 
we have 



(7.27) 



a < a', /? < /?', 7 < 7'. 



Since x°- ^y^ ^ and z'^ define the isomorphic representation of G, we have 



G I2 by Lemma 7.4, as z''' ^ /2 by the assumption. Then one of the 



a' < a — 1 and e' < e — 1, 
a' > a — 1 and < e — 1, 
a' < a — 1 and e' > e — 1. 



following holds: 
(7.28a) 
(7.28b) 
(7.28c) 

The case ( |7.28bD contradicts with ( |7.27] ) ([7.25D as/3</3'<e-l< / 3 Sim - 
ilarly we have a contradiction in the case (7.28c). Hence we must have (7.28a) 
Exchanging x, y and z we have 

a' < a - 1, 5' < & - 1, c' < c - 1, d' < d - 1, e' < e - 1, /'</-!. 



Combining these with (7.25), we get 

a'<a' + d'<a + d-2<a~l<a'. 
This is a contradiction. 



□ 



Lemma 7.29. Assume 

(7.30) ^' < /5 and 7' < 7. 

//x" = a;" , then y^z^ — y^ z^ . The same holds if we exchange x, y and z. 

Proof. We suppose y^^^z^^-^ ^ y^ ^^z^ and lead to a contradiction. Both 
y^^^z-^^^ and y^ ^^z^ give the isomorphic representation as a;" = a;" . Since 



,,b-i-/-i 



b'-i^f'-i 



^ I2, Lemma 7_A implies 



y''-'zf'-' e h. 



From the first condition, we have one of the following: 
(7.31a) h' <h-l and /' < / - 1, 

(7.31b) b' >h-l and 7' < / - 1, 

(7.31c) P' <h-l and /' > / - 1. 

Similarly the second condition implies the one of the following: 
(7.32a) b<b' -I and / < /' - 1, 

(7.32b) b>b' -I and 7 < /' - 1, 

(7.32c) /3 < 6' - 1 and / > /' - 1. 



The condition ( 7.31a ) contradicts with ( 7.32a ) as 

b<b'~l<h~2. 



The condition ( 7.31b ) (resp. ( 7.31c )) is not compatible with ( [7.32a ) and ( 7.25 ) 
because 

7'</-l</'-2<7'-2 (resp. /?' < 6 - 1 < 6' - 2 < /?' - 2). 



Hence the case (7.32a) does not hold. 
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And either the condition (7.32b) or (7.32c) contradicts with the conditions (7.25) 
and ( [73o| ) as 

7</'-l<7'-l<7-l, 
/5 < 6' - 1 < /3' - 1 < /3- 1. 



Case (|7.32bD 



Case (|7.32c| ): 
This completes the proof. 



□ 



Lemma 7.33. (1) When the pair (/i,/2) is not of the type (BA), at least one of 
x^jfj^ and in Ii does not belong to 12- 

(2) When the pair (/i,/2) is of the type (BA), one of the following two cases 
occurs: 

(a) at least one of x" , and z'^ in I\ does not belong to I2, 

(b) we have 

(7.34) a = a', b = b' - 1, c ^ c' , d ^ d' , e = e', / = /'-! 

or the one with x, y, z exchanged. (See Figure \7^ .) 

Proof. Assume that x" , , z'^ £ l2- Then we have 

a' <a, P' < (}, 7' < 7. 

After exchanging x, y, z if necessary, we may assume either of the foUowing 3 
cases occurs: 

(7.35a) a < a, (3' < (3, 7' < 7, 

(7.35b) a' <a, (3' ^ (3, 7' = 7, 

(7.35c) a' = a, (3' = (3, 7' = 7. 

In case (7.35a), we have x°' ,y^ ^ /i, and hence y^ ^^z^ z'^ ^^x"^ G h by 
Lemma 7.4. From y'^ z^ E Ii, one of the following holds: 



(7.36a) b<b' -1 and / < /' - 1, 

(7.36b) b>b' -1 and 7 < /' - 1, 

(7.36c) (3<b' -I and / > /' - 1. 

The case ( [7.36b| ) contradicts with ( |7.35a| ) and ( |7.25| ) for 

7' < 7 < /' - 1< 7'- 



Similarly, (7.36c) contradicts with (7.35a). Hence we must have (7.36a). From the 
same consideration for z'^ x'^ , we have c < c' — 1 and d < d' — 1. Therefore we 
obtain 

c + /<c' + /'-2. 

However this inequality together with (7.25) contradicts with the assumption 7' < 
7. Thus ( 7.35a ) is excluded. 



Next consider the case (7.35b). By Lemma 7.2£ , we have a = a',c = c\d = 



d',e = e' . We repeat the same argument as in (7.35a) for the condition ^ I\ 
to get 6 < 6' - 1, / < /' - 1. Combining with ([7.25|), we get /5' = /5 < 6 + e < 
6' + e' — 1 < /?'. Hence we must have equalities, i.e. /3 = 6 + e, /?' = 6' + e' — 1 and 
b — b' — \. In particular, the pair of the ideals (Iijh) is of type (BA). Similarly we 
have / = /' — 1 by exchanging y and z. Thus we must have (7.34). 
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Finally, consider the case (7.35c). By Lemma 7.29, we have a — a', b — b', c = c', 
d = d' , e ~ e' , f = f . These together with (7.35c) means I\ = Ii which is excluded 
from the beginning. Then we proved the lemma. □ 

(f). Division of cases. Before starting the proof of Theorem |7.2| for I\ ^ I 2, we 
divide cases by the number of generators , , belonged in I1. By Lemma 7.26 
the number is either 1, 2, or 3. After exchanging y, 2;, we have 



Case A: 
Case B: 
Case C: 



x"e/2, /e/2, 

e /2, e h, e h- 



In case A, we have a' < a, /?' > /?, 7' > 7. The last two inequalities implies 
that ,z'' G Ii- Then we do not have x" £ Ii since (/2,/i) is not of the type 



Lemma 7.33 (2) (b). Hence we must have ^ /i. In summary, we have 



e /2, / ^ /2, ^ i /i, / e /i, e /i. 



Thus we have 
(7.37) 



Case A 



a > a', (3 < (3', 7 < 7'. 



In case B, we have a' < a, f3' < (3, 7' > 7. We have z'' G /i. We further 
separate cases by the number of generators among x" , y^ belonged to /i, i.e. 0, 
1, or 2. After exchanging x and y if necessary, we have 



Case Bl: 
Case B2: 
Case B3: 



x"' e/i, e/i, 
x"' ^h, y^' eh, 



Since we have a > a' (resp. f3 > f3'), x" G /i (resp. G -^i) is possible only when 
a — a' (resp. — (3'). Thus we have 

(7.38) Case Bl ^ a = a', /? = /?', 7 < 7', 

(7.39) Case B2 ^ a > a', /3 = /3', 7 < 7', 

(7.40) Case B3 ^ a > a', (3 > [3' , 7 < 7'. 



In case C, we have only one possibihty by Lemma [7.33| (2). 

In fact, it is not necessary to check dimIIomA(/i, ^7/2)'^ = 1 all cases: In the 
complex ( |4.l[ ), we have seen that the second homology is the dual space of 
the first cohomology of the complex in which Ji and I2 are exchanged (see 
Lemma If h ^ h, then = H'^ = Q (Lemma Since the Euler 

characteristic of the complex is equals to 0, = implies = 0, and hence 
= of the complex with Ii and I2 exchanged. Therefore it is sufhcient to show 
that = for one of the two pairs (/i, ^2) and (/2, /i). If we exchange Ii and I2, 
then the case A and B3, Bl and C are exchanged. So we only need to consider the 
cases A, B2, C. 

Let $: /i ^ A/I2 be a G-equivariant A-homomorphism. First of all, we have 
^{xyz) = as follows. Since the representation corresponding to xyz is trivial, we 
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have ^{xyz) = v mod I2 for some w € C. Since Ii ^ I2, there exists / G /i \ l2- 
Then 

vf mod I2 = f^{xyz) = ^{xyz /) = xyz^{ f) = mod 12- 

Since / ^ ^2, we must have v = 0. 

(g). Case A. First we consider the case A. 

Lemma 7.41. (i) x^y" £ I2 and z'^x'^ £ h- 
(ii) y^z^i <^I2 andyPzf <^l2. 



7.4 



Exchanging 



Proof, (i) Since z'^~^ ^ I2 by ( 7.37 ), we have x°'y'^ € I2 by Lemma 
y and z, we also have z'^x'^ G I2. 

(ii) As ^ /i, we have y^ "^z^ E Ii by Lemma 7.4. Then one of the 
foUowing holds: 

(7.42a) b<b' -1 and f < f - 1, 

(7.42b) b>b' -1 and 7 < /' - 1, 

(7.42c) /3 < 6' - 1 and />/'-!. 

Now we suppose y^'z"' G /2, then we have one of the following: 
(7.43a) b' <b and /' < 7, 

(7.43b) b' >b and 7' < 7, 

(7.43c) /?' < 6 and /' > 7. 



The case ( 7.43b| ) contradicts with (7.37) because 7 < 7' < 7. Similarly we have 
a contradiction in the case (7.43c). Thus we must have (7.43a). However the case 
( [7.43cj ) is not compatible with any of ( [7.42a| ),( [7.42b| ),( |7.42cD : 

b' <b<b' -1, 

/' < 7 < /' - 1, 
Case ( l7.42c| ): (3<b'-l<b-l<f3~l 

Therefore we have y^z'^ I2. By exchanging ?/ and z, we also have y^z^ <^ h- CH 



Case (7.42a) 



Case (|7.42b[ ) 



Thus we can draw junior diagrams for /i and I2 as Figure 7.2 




Figure 7.2. Case A: Ji = solid hncs, I2 = dotted lines 



MCKAY CORRESPONDENCE AND HILBERT SCHEMES IN DIMENSION THREE 31 



Let $ : /i — > A/I2 be a G-equivariant ^-homomorphism. By Lemma 7.41 and 



(7.37), we can determine the image of generators of Ii as follows 



= py''-'zf-' mod h, ^{x^'y") = sz''-' mod h, 



c"')=py''-^-^'-'^ 
= 9/ mod/2, 



<^{z'') 



mod 1 2 



<^{y''z^) = ty''z^ mod h, 
^{z'^x'^) ^ uy^-^ mod/2. 



Here we determine the image so that it has the isomorphic representation of G as 
the generator. 

Since <^{y^z^) = yP(^{z^) — z^^{y^), we have ty^z^ mod I2 = qy^z^ mod l2- 
Thus we obtain t = q by Lemma 7.41| (ii). Similarly we have i = r by exchanging y 
and z. 

Consider the image of z'''x'^. We have ^{z''x'^) = rz^'x'^ mod /2 = by 
Lemma 7.41 (i). On the o ther h and, we have ^{z'^x'^) = uz"'~'^y^~^ mod I2 where 
z'^~'^y^~' ^ I2 by Lemma 7.41 (ii). Therefore we have u ~ 0. Exchanging z and y, 
we also have s — 0. 

Next see the image of x°'z'^. We have ^{x"z'^) — x°'~^^{z'^x'^) mod I2 ^ 
because u = 0. An d we have ^{x'^z'^) = py''~-^ z'^'^^^^ mod I2 where 
I2 by Lemma 7.41 (ii). Then we obtain p — 0. 

Therefore we see dimHomA(/i,A//2)'^ = 1 in case A. 

(h). Case B2. Next we study the case B2. 

Lemma 7.44. (i) y^^ € h, 

(ii) x°'y'' e I2 and z'^x'^ £ h- 

(iii) /</'-!. 

Proof, (i) Obvious from ( 7.39 ). 

(ii) We have x'^y^ € I2 by z'^-^ I2 with Lemma 7.4. We also have z'^x'^ G I2 
since y^~^ — y^ ^ h- 

(iii) As x" ^ /i, we have y'' "^z-'' £ Ii by Lemma 7.4. As in the proof of 
Lemm a [7!4l| (ii), we have ( |7.42a| ), ( |7.42b| ), or ( [7.42cD . But (|7.42cj) c ontr adicts with 
( [7^39! ), as < 6' - 1 < /?' - 1 = /3 - 1. Thus we have either (|7.42a|) or ( |7.42b|) . In 
either cases, we have the assertion. □ 

Lemma 7.45. (i) y^^^^z^ ^ h- 
(ii) y^-^z'< ^h. 

Proof, (i) If we assume y^^^z^ € I2, then one of the following holds: 
(7.46a) b' <P-l and /' < /, 

(7.46b) b' > P-l and 7' < /, 

(7.46c) /?' < /3 - 1 and /' > /. 

( 7.46a| ) contradicts with Lemma 7.44 (iii) as /'</</' — 1. (7.461;) is not compat- 
ible with (^3|) because /3 - 1 < 6' < /5' = /?. ( |7.46cD also contradicts with ( [7.39D 
as /?' < /3 - 1 = /?' - 1. Thus /-iz^ ^ h. 

(ii) If we assume y^^^z'' E I2, then one of the following holds: 

(7.47a) 6' < 6 - 1 and /' < 7, 

(7.47b) 6' > 6 - 1 and 7' < 7, 

(7.47c) P' <b-l and /' > 7. 
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The condition (7.47a) contradicts with (7.42a) because b < b' — 1 < b — 2. And 
( t7.47£j ) is not compatible wi th ([7.42b| ) as / ' < 7 </'-!. Thus the case ( [7.47aD 
is excluded. The condition (7.47b) (resp. (7.47c)) contradicts with the condition 
( [T^gj ) as 

7' < 7 < 7' (resp. /?' < 6 - 1 < /? - 1 = /?' - 1). 
Thus the proof completes. □ 

We study the cases h ^ (3 and b = (3 separately. First assume b ^ (3. 
Lemma 7.48. y^z'' ^ 

Proof. Now we assume y^z'' G I2 and derive a contradiction. From this assumption 
we have ( |7.43a| ), (|7.43b[ ) or (|7.43c| ). The cases ( [7.43a|) and (|7.43lj ) lead to con- 
tradictions as in Lemma 7.41 (ii). Thus we have case ( [7. 43c ). However it implies 
P' <b < (3 — (3' , hence (3 = b. This contradicts with the assumption. □ 



By above, we can draw junior diagrams as Figure 
Figure |7.4| (otherwise) . 



(if c — c', d — d') or 




By above discussions, we can put the images as follows: 

$(x") = py^-^z^-^ mod /2, ^{x'^y^) ^ sz''^^ mod h, 
q>{yt^) = qz^'-^x"^'^^ mod h, Hy'z^) = ty^z^ mod 



<i)(z'^) = rz'' mod /2, ^{z^x"^) = uy^ ^mod/2. 

Here $(y'^) was determined by using (3 ~ (3' . 

A s in c ase A, we have r — thy Lemma 7.48 , We have u = by Lemmas 7.44 (ii) 
and [7.45| (i) as in c ase A. We a lso obtain p = by the same discussion in case A 
with Lemmas 7.44K ii) and lAl (ii) . 

Now we consider the image of y^ z^ . We have ^{y'^z-f) = ty^z^ mod /2 = by 
Lemma 7.44(i). On the other hand, we have '^{y^ z^) = qz'^ '^f~^x'^ ~^ mod I2 and 
z'^ '^f~^x'^ ~^ ^ I2 because of Lemma 7.44K iii). Thus we get q — Q. 

For the image of x°'y^, we have $(x°2/^) = x"-^{y^) = because q — Q, while 



^ mod I2 and y^ ^z'^ ^ ^ -^2 by Lemma [7.48|. Therefore we 



obtain s — Q and we see the dimension is also one. 
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Figure 7.4. B2 {c^d oy d') 



Next assume b = (3. Then Ii is of type (A). In this case, neither (7.42a) nor 



( [7.42cD holds because /3==6<6'-l</3'-l = /5-l. Thus the condition ( |7.42bD 
always holds, i.e. 

(7.49) b>b' -1 and 7 < /' - 1. 

The images of the generators are written as follows: 



^{x") = py^-^zf-^ mod /2, '^{x^y") = sz'^-^ mod Jz, 



qz 



-'^x'^'-^ mod h, 



<^{z'^) 



3d/2 



Dd/,. 



We have tt = and p = as in case b ^ (i. 

Let us consider the image of y^ z'^ . Wc have (^[y^ z'^) — ry^z^ mod I2 = 0. On 
the other hand, we have ^(y^z'^) — qz'^^^ '^^x'^ mod I2 where z'^'^^ ~^x'^ ^ I2 
by ( 7.49 ). Therefore we have q — 0. Then we can use same discussion to obtain 
s = as in case b ^ (3. Thus we have the assertion in this case. 



(i). Case C. In case C, we already see the relat ion between the exponents of the 



generators of the ideals /i and I2 in Lemma [7.33 
Then we can write as follows: 



py'^'^zf-^ mod h, H^^y") = sz'^"^ mod h, 



$(a;") 

$(/) = qz'^-^x'^-^ mod /2, $(y''z^') = ty'^z^ mod /z, 



$(2"^) = rx°-ij/'^-i 



mod/2, ^{z^'x'^) 



uy 



/3-1 



mod lo . 



By similar discussions as in case A and B2, we obtain p 
we have the assertion in case C. 



0. Then 
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Therefore we proved Theorem 7.2 
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